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ABSTRACT. This article deals with parameter estimation in the Cox proportional hazards model

when covariates are measured with error. We consider both the classical additive measurement

error model and a more general model which represents the mis-measured version of the covariate

as an arbitrary linear function of the true covariate plus random noise. Only moment conditions are

imposed on the distributions of the covariates and measurement error. Under the assumption that

the covariates are measured precisely for a validation set, we develop a class of estimating

equations for the vector-valued regression parameter by correcting the partial likelihood score

function. The resultant estimators are proven to be consistent and asymptotically normal with

easily estimated variances. Furthermore, a corrected version of the Breslow estimator for the

cumulative hazard function is developed, which is shown to be uniformly consistent and, upon

proper normalization, converges weakly to a zero-mean Gaussian process. Simulation studies

indicate that the asymptotic approximations work well for practical sample sizes. The situation in

which replicate measurements (instead of a validation set) are available is also studied.

Key words: censoring, corrected score, mismeasured covariates, partial likelihood, proportional

hazards, survival data

1. Introduction

The proportional hazards model (Cox, 1972) specifies that the cumulative hazard function for

the survival time associated with possibly time-dependent covariates Z takes the form

KðtjZÞ ¼
Ð t
0 expðb

T
0ZðsÞÞdK0ðsÞ, where b0 is a vector-valued regression parameter, and K0ð�Þ is

an unspecified baseline cumulative hazard function. Suppose that we have a random sample

of n subjects. For i ¼ 1; . . .; n, let Ti be the survival time, Ci be the censoring time, and Zið�Þ
be the vector of covariates. Write ~TTi ¼ minðTi;CiÞ, di ¼ IðTi � CiÞ, NiðtÞ ¼ diIð~TTi � tÞ, and
YiðtÞ ¼ Ið~TTi � tÞ, where Ið�Þ is the indicator function. Suppose that C is independent of T
conditional on Z and that the data are observed on the time interval ½0; s	, where 0 < s < 1.

Then a consistent estimator b̂b of b0 can be obtained by solving the partial likelihood score
equation UðbÞ ¼ 0, where

UðbÞ ¼
Xn
i¼1

ðs

0

ZiðtÞ �

Pn
j¼1

YjðtÞ expðbTZjðtÞÞZjðtÞ

Pn
j¼1

YjðtÞ expðbTZjðtÞÞ

8>>><
>>>:

9>>>=
>>>;
dNiðtÞ: ð1Þ

The baseline cumulative hazard K0ðtÞ can be estimated by

K̂K0ðtÞ ¼
Xn
i¼1

ðt
0

dNiðsÞPn
j¼1

YjðsÞ expðb̂bTZjðtÞÞ
ð2Þ

(Breslow, 1972).
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In many applications, covariates are subject to measurement error. A common approach to

deal with this problem is to use the mismeasured version of the covariate directly. It is well-

known that this practice causes bias in the estimated regression parameter. Great efforts have

been made in developing methods to correct this bias; see Fuller (1987) and Carroll et al.

(1995) for excellent reviews of various methods for non-censored data. Several methods have

been developed for the Cox regression with censored data. Prentice (1982) proposed using the

induced partial likelihood under the restrictive assumption that the event is rare. Zhou & Pepe

(1995) developed a consistent estimator for the regression parameter when the covariates are

discrete. Wang et al. (1997) developed a regression calibration method which only gives

approximately consistent estimators. Hu et al. (1998) described some likelihood-based

methods under the classical additive error model (Carroll et al., 1995, p. 8) with a known

error distribution.

Stefanski (1989) and Nakamura (1990) developed the approach of corrected score functions

to remove the bias induced by measurement error. For the proportional hazards model, an

exact corrected score does not exist. Nakamura (1992) introduced two approximately

corrected scores under the restrictive assumption of additive normal error with known

covariance matrix. The properties of the resulting estimators were explored only by

simulations. Buzas (1998) removed the condition of normal error, but assumed that the

moment generating function of the error distribution is known. The asymptotic properties of

the resulting estimator were not carefully studied. Neither Nakamura nor Buzas studied the

estimation of K0ð�Þ.
In this paper, we extend the work of Nakamura (1992) and Buzas (1998) to obtain a broad

class of consistent estimators for the regression parameter of the Cox model when one or more

covariates are measured with error. We pay primary attention to the setting in which the

surrogate covariate, i.e. the mismeasured version of the covariate, is measured on all study

subjects while the true covariate is ascertained on a randomly selected validation set. By using

the validation set data to estimate the error distribution, we provide a practical way of

calculating the parameter estimators and their variances in real applications. The distributions

of the covariates and measurement error are completely unspecified. The proposed estimators

are proven to be consistent and asymptotically normal with easily estimated variances.

Furthermore, we develop a corrected version of the Breslow estimator for the cumulative

hazard function, which is shown to be uniformly consistent and asymptotically normal.

Finally, we extend the results to the situations in which replicate measurements rather than

validation sets are available.

2. Classical error model with a single covariate

Suppose that there is only a single time-independent covariate. For the ith subject, let Zi be the
true covariate, and Wi be the surrogate covariate. Assume that Wi ¼ Zi þ �i, where �i is a zero-

mean measurement error, which is independent of Ti, Ci and Zi. Let ni ¼ 1 if the ith subject is
in the validation set, and ni ¼ 0 otherwise. Assume that ni (i ¼ 1; . . .; n) are i.i.d. with

Pðni ¼ 1Þ ¼ a, and are independent of all other variables. Let �nni ¼ 1� ni and �aa ¼ 1� a. The
complete data consist of i.i.d. random elements ð~TiTi; di; Zi;Wi ; niÞ (i ¼ 1; . . .; n), but we cannot
observe Zi if ni ¼ 0.

If we could observe all Zis, the partial likelihood score function (1) would be

UðbÞ ¼
Pn

i¼1
Ð s
0 fZi � Sð1Þðb; tÞ=Sð0Þðb; tÞg dNiðtÞ, where SðkÞðb; tÞ ¼ n�1

Pn
j¼1 YjðtÞ expðbZjÞZkj

(k ¼ 0; 1; 2). When ni ¼ 0, we cannot observe the true covariate Zi, but only the surrogate
Wi. A naı̈ve estimator of b0 is obtained by substituting Wi for Zi in UðbÞ for all the subjects who
are not in the validation set. LetFt be the r-algebra generated by all the failure, censoring and
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true covariate histories of all the subjects over ½0; t	. Although EðWi jFsÞ ¼ EðWijZiÞ ¼ Zi,
in general EðexpðbWiÞjFsÞ 6¼ expðbZiÞ and EðexpðbWiÞWijFsÞ 6¼ expðbZiÞZi. Thus, the naı̈ve
estimator for b0 is not asymptotically unbiased. Our goal is to correct this bias.
Let gkðbÞ ¼ Eð�k1 expðb�1ÞÞ (k ¼ 0; 1; 2). Clearly,

E expðbWiÞjFsð Þ ¼ g0ðbÞ expðbZiÞ; ð3Þ
E expðbWiÞWijFsð Þ ¼ g0ðbÞ expðbZiÞZi þ g1ðbÞ expðbZiÞ: ð4Þ

Thus, when the true covariate Zi is not available, i.e. ni ¼ 0, we may replace expðbZiÞ and
expðbZiÞZi in UðbÞ by g�10 ðbÞ expðbWiÞ and g�10 ðbÞ expðbWiÞWi � g�20 ðbÞ expðbWiÞg1ðbÞ,
respectively. Define

Rð0Þ
i ðbÞ ¼ ni expðbZiÞ þ �nnig

�1
0 ðbÞ expðbWiÞ; ð5Þ

Rð1Þ
i ðbÞ ¼ ni expðbZiÞZi þ �nnig

�1
0 ðbÞ expðbWiÞfWi � g�10 ðbÞg1ðbÞg: ð6Þ

It is easy to see that Efn�1
Pn

i¼1 YiðtÞR
ðkÞ
i ðbÞjFsg ¼ SðkÞðb; tÞ ðk ¼ 0; 1Þ. Thus we consider the

following modification of UðbÞ:

Xn
i¼1

ðs

0

ðniZi þ �nniWiÞ �

Pn
j¼1

YjðtÞRð1Þ
j ðbÞ

Pn
j¼1

YjðtÞRð0Þ
j ðbÞ

8>>><
>>>:

9>>>=
>>>;
dNiðtÞ: ð7Þ

The above expression is not a genuine estimating function for b0 because g0 and g1 are
unknown. For fixed b, however, we can estimate gkðbÞ ðk ¼ 0; 1; 2Þ consistently from the

validation set by the moment estimators ĝgkðbÞ ¼
Pn

i¼1 ni expðb�iÞ�ki =
Pn

i¼1 ni ðk ¼ 0; 1; 2Þ. This
motivates us to replace Rð0Þ

i ðbÞ and Rð1Þ
i ðbÞ in (7) with R̂Rð0Þ

i ðbÞ and R̂Rð1Þ
i ðbÞ, which are obtained

from (5) and (6) by replacing gkðbÞ with ĝgkðbÞ ðk ¼ 0; 1Þ. To increase efficiency, we introduce a
weight x 2 ½0; 1	 to down-weight the influence of the subjects in the non-validation set. Thus,
we propose the following estimating function

UCðb;xÞ ¼
Xn
i¼1

ðni þ x�nniÞ
ðs

0

niZi þ �nniWi � ECðb; t;xÞ
� 

dNiðtÞ;

where ECðb; t;xÞ ¼ Sð1ÞC ðb; t;xÞ=Sð0ÞC ðb; t;xÞ, and SðkÞC ðb; t;xÞ ¼ n�1
Pn

j¼1ðnj þ x�nnjÞYjðtÞR̂RðkÞ
j ðbÞ

ðk ¼ 0; 1Þ. Denote the solution of UCðb;xÞ ¼ 0 by b̂bC � b̂bCðxÞ. In addition, by

analogy to (2), we propose a corrected Breslow estimator for the cumulative hazard function

K0ðtÞ:

K̂KCðtÞ ¼
Xn
i¼1

ðt
0

dNiðsÞPn
j¼1

YjðsÞR̂Rð0Þ
j ðb̂bCÞ

:

Let sðkÞðb; tÞ ¼ EfSðkÞðb; tÞg ðk ¼ 0; 1; 2Þ, eðb; tÞ ¼ sð1Þðb; tÞ=sð0Þðb; tÞ, vðb; tÞ ¼ sð2Þðb; tÞ=
sð0Þðb; tÞ �eðb; tÞ2, u ¼

Ð s
0 s

ð0Þðb0; tÞdK0ðtÞ, and C ¼
Ð s
0 vðb0; tÞsð0Þðb0; tÞdK0ðtÞ. Also define

Cv ¼ E
ðs

0

W1 � eðb0; tÞgfdN1ðtÞ � g�10 ðb0Þ expðb0W1ÞY1ðtÞdK0ðtÞ
� �

þ g�20 ðb0Þg1ðb0Þ
ðs

0

expðb0W1ÞY1ðtÞdK0ðtÞ
�2
;

Cr ¼ ð�aa=aÞ2u2g�40 ðb0Þ g20ðb0Þg2ð2b0Þ � 2g0ðb0Þg1ðb0Þg1ð2b0Þ þ g21ðb0Þg0ð2b0Þ
� 

:

Then we have the following theorem for the asymptotic distribution of n�1=2UCðb0;xÞ:
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Theorem 1

Under conditions 1–5 given in the appendix, n�1=2UCðb0;xÞ !d Nð0;CCÞ, where CC ¼
aC þ x2ð�aaCv þ aCrÞ.

The proof of theorem 1 is given in the appendix. The following theorem establishes the

consistency and asymptotic normality of b̂bC :

Theorem 2

Under conditions 1–5, b̂bCðxÞ exists and is unique in a neighbourhood B of b0 with probability

converging to one as n! 1, and b̂bCðxÞ !p b0. Furthermore, n1=2fb̂bCðxÞ � b0g !d Nð0;CbÞ,
where Cb ¼ CC=fða þ x�aaÞCg2.

The proof of this theorem and a consistent estimator ĈCb for Cb are given in the appendix.

For anyx � 0; b̂bCðxÞ is a consistent estimator of b0, and its asymptotic variance is a function
of x. By taking the derivative of Cb with respect to x, we see that Cb achieves its minimum at

xopt ¼ �aaC=ðaCr þ �aaCvÞ. Thus, b̂bCðxoptÞ has the smallest asymptotic variance in the class of
consistent estimators b̂bCðxÞ ðx � 0Þ. In particular, at least for large n, b̂bCðxoptÞ will be more
efficient than b̂bCð0Þ, which is the estimator of the complete-case analysis. We can estimate xopt

by x̂xopt ¼ �̂aa�aaĈC=ðâaĈCr þ �̂aa�aaĈCvÞ, where âa ¼ n�1
Pn

i¼1 ni, �̂aa�aa ¼ 1� âa, and ĈC, ĈCr and ĈCv are given in the

appendix. Because x̂xopt depends onb̂bC , these two estimators can be obtained simultaneously by
a simple iterative procedure, or a preliminary consistent estimator of b0 can be calculated with
x ¼ 0 or 0.5 and plugged into the expression for x̂xopt, which is in turn used to obtain the final

b̂bCðx̂xoptÞ. Our simulation results show that the one-step computation is satisfactory.

The next theorem establishes the weak convergence and uniform consistency of K̂KCð�Þ, and
the proof is again given in the appendix.

Theorem 3

Assume that conditions 1–5 hold. Then n1=2fK̂KCðtÞ � K0ðtÞg converges weakly to a zero-mean

Gaussian process with covariance function /ðt; sÞ at time points ðt; sÞ, where / is defined by (13)

in the appendix. Furthermore, supt2½0;s	 K̂KCðtÞ � K0ðtÞ
�� �� !p 0.

3. Classical error model with multiple covariates

In this section, we extend the results of section 2 to accommodate multiple covariates. Suppose

that, for the ith subject, a p-vector of time-independent covariates Zi is measured with error

and a q-vector of possibly time-dependent covariates XiðtÞ is measured precisely. The

surrogate for Zi is Wi ¼ Zi þ ei, where the vector-valued error terms ei ði ¼ 1; . . .; nÞ are i.i.d.
with mean 0p and are independent of all other random variables. Here, 0p is a p-vector of 0s.
Let HiðtÞ ¼ ðZT

i ;XiðtÞTÞT and ĤHiðtÞ ¼ ðWT
i ;XiðtÞTÞT. The Cox model specifies that

dKðtjHiÞ ¼ expðhT0HiðtÞÞdK0ðtÞ, where h0 ¼ ðbT0 ; cT0 Þ
T with b0 and c0 pertaining to Zi and

XiðtÞ, respectively.
For vectors a ¼ ða1; . . .; apÞT and b ¼ ðb1; . . .; bqÞT, define a� b to be the p � q matrix with

aibj as the ði; jÞth element, and let a�0 ¼ 1, a�1 ¼ a, and a�2 ¼ a� a. Write

SðkÞðh; tÞ ¼ n�1
Pn

i¼1 YiðtÞ expðhTHiðtÞÞH�k
i ðtÞ ðk ¼ 0; 1; 2Þ, and sðkÞðh; tÞ ¼ EfSðkÞðh; tÞg. We

further define eðh; tÞ ¼ sð1Þðh; tÞ=sð0Þðh; tÞ, vðh; tÞ ¼ sð2Þðh; tÞ=sð0Þðh; tÞ � e�2ðh; tÞ, and

C ¼
Ð s
0 vðh0; tÞsð0Þðh0; tÞdK0ðtÞ.

If Z were measured on all study subjects, the partial likelihood score function for h0 would
be UðhÞ ¼

Pn
i¼1

Ð s
0 fHiðtÞ � Sð1Þðh; tÞ=Sð0Þðh; tÞgdNiðtÞ. When only surrogateW can be observed
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for subjects not in the validation set, we define gkðbÞ ¼ EðexpðbTe1Þe�k1 Þ (k ¼ 0; 1; 2), and, for

i ¼ 1; . . .; n, let

Rð0Þ
i ðh; tÞ ¼ ni expðhTHiðtÞÞ þ �nnig

�1
0 ðbÞ expðhTĤHiðtÞ;

R
ð1Þ
i ðh; tÞ ¼ ni expðhTHiðtÞÞHiðtÞ þ �nnig

�1
0 ðbÞ expðhTĤHiðtÞÞ ĤHiðtÞ �

g�10 ðbÞg1ðbÞ
0q

" #( )
:

It is not difficult to see that Efn�1
Pn

i¼1 YiðtÞR
ðkÞ
i ðh; tÞjFsg ¼ SðkÞðh; tÞ (k ¼ 0; 1), where Fs is

the r-algebra generated by fNiðtÞ; YiðtÞ;HiðtÞ : t 2 ½0; s	; i ¼ 1; . . .; ng. For fixed b, we can
estimate gkðbÞ consistently by ĝgkðbÞ ¼

Pn
i¼1 ni expðbTeiÞe�ki =

Pn
i¼1 ni ðk ¼ 0; 1; 2Þ. Then, for

k ¼ 0; 1 and i ¼ 1; . . .; n, we define R̂RðkÞ
i ðh; tÞ in the same way as RðkÞ

i ðh; tÞ, but with g0ðbÞ and
g1ðbÞ replaced by ĝg0ðbÞ and ĝg1ðbÞ, respectively. Also, as in section 2, in deriving the estimating
function, we may downweight the contributions of the subjects in the non-validation set

to improve efficiency. Here the weighting is achieved by a ðp þ qÞ � ðp þ qÞ matrix X.
Let Ai ¼ niIpþq þ �nniX, where Ipþq is the ðp þ qÞ � ðp þ qÞ identity matrix. Let SðkÞ

C ðh; t;XÞ ¼
n�1

Pn
j¼1 YjðtÞAjR̂R

ðkÞ
j ðh; tÞ ðk ¼ 0; 1Þ, and ECðh; t;XÞ ¼ fSð0Þ

C ðh; t;XÞg�1Sð1Þ
C ðh; t;XÞ. Then we

can define the estimating function for h0:

UCðh;XÞ ¼
Xn
i¼1

Ai

ðs

0

niHiðtÞ þ �nniĤHiðtÞ � ECðh; t;XÞ
� 

dNiðtÞ:

Let ĥhC � ĥhCðXÞ be the solution to UCðh;XÞ ¼ 0. As a generalization of (2), the corrected

version of the Breslow estimator for K0ðtÞ is

K̂KCðtÞ �
Xn
i¼1

ðt
0

dNiðsÞPn
j¼1

YjðsÞR̂Rð0Þ
j ðĥhC ; sÞ

:

Similar to section 2, let Cv ¼ E½
Ð s
0 fĤH1ðtÞ � eðh0; tÞg½dN1ðtÞ � g�10 ðb0Þ expðhT0 ĤH1ðtÞÞ

�Y1ðtÞdK0ðtÞ	 þ g�20 ðb0Þ
Ð s
0 expðh

T
0 ĤH1ðtÞÞY1ðtÞdK0ðtÞfg1ðb0Þ

T; 0Tq g
T	�2; and

Cr ¼ ð�aa=aÞ2u2g�40 ðb0Þ
Cy
r 0p�q

0q�p 0q�q

� �
;

where Cy
r ¼ g20ðb0Þg2ð2b0Þ � g0ðb0Þg1ð2b0Þ � g1ðb0Þ � g0ðb0Þg1ðb0Þ � g1ð2b0Þ þ g0ð2b0Þ g�2

1 ðb0Þ;
and u ¼

Ð s
0 s

ð0Þðh0; tÞdK0ðtÞ. The asymptotic normality of n�1=2UCðh0;XÞ is established in the
following theorem.

Theorem 4

Under conditions 1, 20, 30, 4, 5 and 6 given in the appendix, n�1=2UCðh0;XÞ !d Nð0;CCÞ, where
CC ¼ aC þ Xð�aaCv þ aCrÞXT.

A brief proof can be found in the appendix. The next theorem follows from theorem 4,

together with the arguments given in the proof of theorem 2.

Theorem 5

Under conditions 1, 20, 30, 4, 5 and 6, ĥhCðXÞ exists and is unique in a neighbourhood of

h0 with probability converging to one as n! 1, and ĥhCðXÞ !p h0. Furthermore,

n1=2f̂hhCðXÞ � h0g !d Nð0;ChðXÞÞ, where ChðXÞ ¼ C�1ðaIpþq þ �aaXÞ�1CCðaIpþq þ �aaXÞ�1C�1.

It can be shown through simple matrix algebra that Xopt � �aaCð�aaCv þ aCrÞ�1 is the optimal
weight matrix in that ChðXÞ � ChðXoptÞ is positive semidefinite for all X. One can estimate
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Xopt in the same manner as in the case of x in section 2. Analogous to theorem 3, the

corrected Breslow estimator is again asymptotically normal and uniformly consistent.

4. Generalized error model with multiple covariates

It may not be always appropriate to use the classical error model, which assumes that the

measured surrogate is unbiased for the underlying true covariate. In this section, we extend the

results of sections 2–3 to allow a more general measurement error model. All the notation is

defined in the same way as in the previous section unless otherwise indicated. Under the

generalized error model, the lth ðl ¼ 1; . . .; pÞ surrogate is a linear function of the

corresponding true covariate plus a random noise: Wil ¼ a0l þ b0lZil þ ~��il, where a0l and
b0l 6¼ 0 are constants, and ~��il (i ¼ 1; . . .; n) are i.i.d. zero-mean random variables, which are

independent of the true covariate, other covariates as well as the failure and censoring times.

Note that ðWil � a0lÞ=b0l ¼ Zil þ �il, where �il ¼ ~��il=b0l. Let a0 ¼ ða01; . . .; a0pÞ,
b0 ¼ ðb01; . . .; b0pÞ, and ei ¼ ð�i1; . . .; �ipÞT. Again, we do not assume any specific distribu-

tions for Zi and ei. For any vector a, let diagðaÞ be the square matrix with a as its diagonal

and 0s elsewhere. For any p-vectors a and b, define ~WWiða; bÞ ¼ diagðbÞ�1ðWi � aÞ and

ĤHiðt; a; bÞ ¼ ð ~WWiða; bÞT;XiðtÞTÞT (i ¼ 1; . . .; n). Let ĝgkðb; a; bÞ ¼
Pn

i¼1 ni exp½bTf ~WWiða; bÞ
�Zig	f ~WWiða; bÞ � Zig�k=

Pn
i¼1 ni (k ¼ 0; 1; 2). Also let

R̂Rð0Þ
i ðh; t; a; bÞ ¼ ni expðhTHiðtÞÞ þ �nniĝg

�1
0 ðb; a; bÞ expðhTĤHiðt; a; bÞÞ;

R̂R
ð1Þ
i ðh; t; a; bÞ ¼ ni expðhTHiðtÞÞHiðtÞ þ �nniĝg

�1
0 ðb; a; bÞ expðhTĤHiðt; a; bÞÞ

� ĤHiðt; a; bÞ �
ĝg�10 ðb; a; bÞĝg1ðb; a; bÞ

0q

" #( )
:

We then define S
ðkÞ
C ðh; t;X; a; bÞ ¼ n�1

Pn
j¼1 YjðtÞAjR̂R

ðkÞ
j ðh; t; a; bÞ ðk ¼ 0; 1Þ, where Ai ¼

niIpþq þ �nniX. Finally, let ECðh; t;X; a; bÞ ¼ fSð0Þ
C ðh; t;X; a; bÞg�1Sð1Þ

C ðh; t;X; a; bÞ, and

UCðh;X; a; bÞ ¼
Xn
i¼1

Ai

ðs

0

niHiðtÞ þ �nniĤHiðt; a; bÞ � ECðh; t;X; a; bÞ
� 

dNiðtÞ:

If a0 and b0 are known, we are back to the classical error model discussed in section 3, since
~WWiða0; b0Þ ¼ Zi þ ei. Using ~WWiða0; b0Þ as the surrogate and applying the method previously
developed, we end up with an estimating function which is exactly UCðh;X; a0; b0Þ. This can be
easily seen from the definitions of ĝgkðb; a; bÞ and R̂R

ðkÞ
i ðh; t; a; bÞ (k ¼ 0; 1).

Although in general a0 and b0 are unknown, we can estimate individual components a0l and
b0l (l ¼ 1; . . .; p) consistently by the least-squares estimators âal and b̂bl based on the validation
set. Let âa ¼ ðâa1; . . .; âapÞT and b̂b ¼ ðb̂b1; . . .; b̂bpÞT. The proposed estimator ĥhC � ĥhCðXÞ is the
solution to UCðh;X; âa; b̂bÞ ¼ 0. We then estimate K0ðtÞ by

K̂KCðtÞ ¼
Xn
i¼1

ðt
0

dNiðsÞPn
j¼1

YjðsÞR̂Rð0Þ
j ðĥhC ; s; âa; b̂bÞ

:

Let Cp be the first p columns of C. Also, let lZ ¼ diag ðE Z1Þ, r2Z ¼ ðvarðZ11Þ; . . .; varðZ1pÞÞT,
CZd ¼ diag ðr2ZÞ, C� ¼ varðe1Þ, B0 ¼ diagðb0Þ, and B1 ¼ diag ðb0Þ. Define CZ� to be the p � p
matrix with the ði; jÞth element covðZ1i; Z1jÞcovð�1i; �1jÞ. Write W�

i ¼ ~WWiða0; b0Þ and

ĤH
�
i ðtÞ ¼ ðW�T

i ;XT
i ðtÞÞ

T. We then define C�
v like Cv in the previous section, but with ĤH1ðtÞ

replaced by ĤH
�
1ðtÞ. Also, let Cq ¼ �aa2a�2ðu2JB�1

0 C�B
�1
0 JT þ CpB

�1
0 B1C�1

Zd CZ�C�1
Zd B1B

�1
0 CT

p Þ,
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Cqr ¼ �aa2a�2u2g�20 ðb0ÞJB�1
0 fg�2

1 ðb0Þ � g0ðb0Þg2ðb0ÞgJT, and Crq ¼ CTqr, where J ¼
ðIp�p; 0p�qÞT. The asymptotic distribution of n�1=2UCðh0;X; a0; b0Þ can be obtained from

theorem 4. Then a Taylor series expansion of n�1=2UCðh0;X; âa; b̂bÞ around ða0; b0Þ yields the
following theorem.

Theorem 6

Under conditions 1, 20, 30, 4, 5, 6 and 7 given in the appendix, n�1=2UCðh0;X; âa; b̂bÞ !d Nð0;C�
CÞ,

where C�
C ¼ aC þ Xð�aaC�

v þ aCr þ aCrq þ aCqr þ aCqÞXT. Furthermore, n1=2fĥhCðXÞ � h0g
!d Nð0;C�

hÞ, where C�
h ¼ C�1ðaIpþq þ �aaXÞ�1C�

CðaIpþq þ �aaXÞ�1C�1.

The proof of this theorem and a consistent estimator for C�
h are given in the appendix. The

optimal weighting matrix X�
opt � �aaCð�aaC�

v þ aCr þ aCrq þ aCqr þ aCqÞ�1 can also be estimated
consistently.

The following result for the corrected Breslow estimator is analogous to theorem 3 in

section 2:

Theorem 7

Under the same conditions of theorem 6, n1=2fK̂KCðtÞ � K0ðtÞg converges weakly to a zero-mean

Gaussian process. Furthermore, supt2½0;s	 K̂KCðtÞ � K0ðtÞ
�� ��!p 0.

The proof is similar to that of theorem 3 and is outlined in the appendix.

5. Simulation studies

Extensive simulation studies were carried out to investigate the performance of the proposed

estimators in practical situations. The baseline hazard was set to be 1, and two covariates Z

and X were generated from a bivariate normal distribution with varðZÞ ¼ varðX Þ ¼ 1 and

covðZ;X Þ ¼ 0:5. The surrogate W of Z was generated from the classical error model

W ¼ Z þ �, where � is mean-zero normal with standard deviation r� ¼ 0:2; 0:5 or 1; X was

supposed to be measured precisely. The regression coefficient b0 of Z varied among 0.2, 0.5

and 1, while the coefficient c0 of X was fixed at 0.5. Censoring times were generated from the

uniform distribution on ½0; s	, where s was chosen to yield a censoring rate of approximately
30%, 50% or 70%. For a total sample size of 500, three sizes of the validation set were

considered: a ¼ 0:1; 0:2; 0:5. For each combination of the simulation parameters, 10 000 data

sets were generated, and for each data set five estimators of h0 ¼ ðb0; c0ÞT were calculated: the
full-data estimator, which uses the true value of Z for all subjects; the complete-case estimator,

which uses only the validation set; the first naı̈ve estimator, which uses W instead of Z for all

subjects; the second naı̈ve estimator, which usesW for subjects in the non-validation set and Z

for subjects in the validation set; and the proposed adaptive estimator described in section 4.

For the proposed estimator, we assumed the generalized error model. To calculate the

proposed estimator, the optimal weight is obtained by the one-step computation, and the

initial X was set to be the diagonal matrix with 0.5 on its diagonal.

Table 1 summarizes the results for b0 when b0 ¼ 0:5 and the censoring rate is approximately

30% or 70%. Clearly, the two naı̈ve estimators are biased towards 0, and the bias increases

with the standard deviation of the measurement error. The proposed estimator corrects this

bias very well. The standard error of the proposed estimator is always smaller than that of the

complete-case estimator, and is not much larger than that of the full-data estimator when

the error is small (r� ¼ 0:2). The Newton–Raphson algorithm broke down in 40 to 50 out of
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the 10 000 replicates under the extreme condition where the error is large (r� ¼ 1) and the size

of validation set is small (a ¼ 0:1). There were much less or no breakdowns in all the other

settings. The estimated standard error of the proposed estimator is on average quite close to

the true standard error, and the coverage probability of the 95% confidence interval is also

very satisfactory, except for the extreme combination of r� ¼ 1 and a ¼ 0:1. In addition,

the simulation studies showed that the naı̈ve estimators for c0 are also biased, though the
magnitude of this bias is in general smaller than that of the naı̈ve estimators for b0. The
proposed method corrects this bias as well.

Table 1. Simulation results under the model dKðtÞ ¼ expðb0Z þ c0X Þdt with b0 ¼ c0 ¼ 0:5, and censoring

rates 30% or 70%

30% censored 70% censored

a r� Estimator Mean SE SEE CP Mean SE SEE CP

* * Full data 0.502 0.066 0.066 0.951 0.503 0.098 0.098 0.952

0.1 * CC 0.526 0.244 0.229 0.946 0.544 0.386 0.354 0.949

0.2 Naı̈ve I 0.475 0.064 0.064 0.925 0.477 0.095 0.095 0.944

Naı̈ve II 0.477 0.064 0.064 0.931 0.479 0.095 0.095 0.946

Proposed 0.503 0.070 0.069 0.949 0.504 0.102 0.101 0.950

0.5 Naı̈ve I 0.368 0.057 0.056 0.342 0.373 0.084 0.084 0.658

Naı̈ve II 0.378 0.057 0.057 0.423 0.383 0.085 0.085 0.705

Proposed 0.502 0.094 0.093 0.947 0.504 0.127 0.125 0.951

1.0 Naı̈ve I 0.204 0.042 0.042 0.000 0.210 0.063 0.063 0.006

Naı̈ve II 0.217 0.044 0.043 0.000 0.223 0.065 0.065 0.015

Proposed 0.476 0.160 0.147 0.900 0.484 0.213 0.193 0.915

0.2 * CC 0.512 0.158 0.154 0.944 0.519 0.241 0.232 0.946

0.2 Naı̈ve I 0.475 0.064 0.064 0.925 0.477 0.095 0.095 0.944

Naı̈ve II 0.480 0.064 0.064 0.935 0.482 0.095 0.096 0.950

Proposed 0.504 0.069 0.068 0.946 0.505 0.101 0.100 0.950

0.5 Naı̈ve I 0.368 0.057 0.056 0.342 0.373 0.084 0.084 0.658

Naı̈ve II 0.389 0.058 0.058 0.502 0.393 0.086 0.086 0.753

Proposed 0.505 0.084 0.083 0.949 0.507 0.119 0.117 0.950

1.0 Naı̈ve I 0.204 0.042 0.042 0.000 0.210 0.063 0.063 0.006

Naı̈ve II 0.231 0.045 0.044 0.000 0.237 0.067 0.067 0.032

Proposed 0.490 0.120 0.116 0.929 0.495 0.165 0.159 0.939

0.5 * CC 0.505 0.095 0.094 0.949 0.508 0.141 0.140 0.949

0.2 Naı̈ve I 0.475 0.064 0.064 0.925 0.477 0.095 0.095 0.944

Naı̈ve II 0.488 0.065 0.065 0.944 0.490 0.096 0.096 0.951

Proposed 0.504 0.068 0.067 0.949 0.506 0.100 0.099 0.951

0.5 Naı̈ve I 0.368 0.057 0.056 0.342 0.373 0.084 0.084 0.658

Naı̈ve II 0.424 0.061 0.060 0.748 0.428 0.090 0.090 0.869

Proposed 0.505 0.074 0.073 0.948 0.507 0.108 0.107 0.949

1.0 Naı̈ve I 0.204 0.042 0.042 0.000 0.210 0.063 0.063 0.006

Naı̈ve II 0.289 0.052 0.049 0.020 0.294 0.075 0.074 0.215

Proposed 0.502 0.085 0.084 0.948 0.504 0.123 0.122 0.948

Note: Mean and SE are the mean and standard error of the estimator, SEE is the mean of the standard

error estimator, and CP is the coverage probability of the 95% confidence interval.

When r� ¼ 1 and censoring rate is 30% the proposed method broke down 44 times in the 10 000 replicates

for a ¼ 0:1 and 12 times for a ¼ 0:2. When r� ¼ 1 and 70% censored there were 46 breakdowns for

a ¼ 0:1, 11 for a ¼ 0:2, and 1 for a ¼ 0:5. There was 1 when r� ¼ 0:5, 30% censored and a ¼ 0:1. The

breakdown cases were excluded from the calculations of the summary statistics.

* Estimator does not depend on this parameter.
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When b0 ¼ 0:2, the results are similar, though the proposed estimator is less likely to break

down, and the coverage probabilities are excellent even in extreme settings. When b ¼ 1:0, the

proposed estimator performs a little bit worse. Additional simulation studies revealed similar

pictures for n ¼ 200 and a ¼ 0:2 or 0:5, and for uniform rather than normal Z. Simulations

with b0 ¼ �0:5 also showed that the naı̈ve approach biases the estimator of b0 towards 0 and
the bias is well corrected by the proposed method.

6. Classical error model with replicate covariate measurements

In many applications, only replicate measurements are available for the covariate subject to

measurement error. Here, we show how to extend the proposed methods to this important and

realistic setting. It is infeasible to estimate the bias in the surrogate based on replicates alone.

Thus, the classical error model is required in this section. Suppose that, for the ith subject, a

p-vector of time-independent covariates Zi is measured with error and a q-vector of possibly

time-dependent covariates XiðtÞ is measured precisely. For conciseness, we assume that Zi is

only measured twice by the surrogates Wi1 � Zi þ ei1 and Wi2 � Zi þ ei2, where the vector-

valued error terms ei;m (i ¼ 1; . . .; n;m ¼ 1; 2) are i.i.d. with mean 0p and are independent of all

other random variables. We make an additional assumption that the error distribution is

symmetric, i.e., e11 and �e11 have the same distribution.

Let HiðtÞ ¼ ðZT
i ;XiðtÞTÞT and ĤHiðtÞ ¼ ðŴWT

i ;XiðtÞTÞT, where ŴWi ¼ ðWi1 þWi2Þ=2. We

assume the same Cox model as in section 3. Write gkðbÞ ¼ EðexpðbTe11Þe�k11 Þ (k ¼ 0; 1; 2).

Note that

EðexpðhTĤHiðtÞÞjFsÞ ¼ g20ðb=2Þ expðhTHiðtÞÞ;

EðexpðhTĤHiðtÞÞĤHiðtÞjFsÞ ¼ g20ðb=2Þ expðhTHiðtÞÞHiðtÞ þ expðhTHiðtÞÞ
g0ðb=2Þg1ðb=2Þ

0q

� �
:

Define

Rð0Þ
i ðh; tÞ ¼ g�20 ðb=2Þ expðhTĤHiðtÞÞ;

R
ð1Þ
i ðh; tÞ ¼ g�20 ðb=2Þ expðhTĤHiðtÞÞĤHiðtÞ � expðhTĤHiðtÞÞ

g�30 ðb=2Þg1ðb=2Þ
0q

" #
:

It is easy to see that Efn�1
Pn

i¼1 YiðtÞR
ðkÞ
i ðh; tÞjFsg ¼ SðkÞðh; tÞ (k ¼ 0; 1), where SðkÞðh; tÞ are

defined in section 3. By the symmetry of the error distribution,

EfexpðbTðWi1 �Wi2ÞÞg ¼ g20ðbÞ and EfðWi1 �Wi2Þ expðbTðWi1 �Wi2ÞÞg ¼ 2g0ðbÞg1ðbÞ.
Thus, g0ðbÞ and g1ðbÞ can be estimated by ĝg0ðbÞ ¼ fn�1

Pn
i¼1 expðbTðWi1 �Wi2ÞÞg1=2 and

ĝg1ðbÞ ¼ f2n ĝg0ðbÞg�1
Pn

i¼1ðWi1 �Wi2Þ expðbTðWi1 �Wi2ÞÞ. For k ¼ 0; 1, we define R̂R
ðkÞ
i ðh; tÞ in

the same way as R
ðkÞ
i ðh; tÞ, but with glðb=2Þ ðl ¼ 0; 1Þ replaced by ĝglðb=2Þ. Let

S
ðkÞ
C ðh; tÞ ¼ n�1

Pn
j¼1 YjðtÞR̂R

ðkÞ
j ðh; tÞ ðk ¼ 0; 1Þ, and ECðh; tÞ ¼ S

ð1Þ
C ðh; tÞ=Sð0ÞC ðh; tÞ. We then

propose the estimating function

UCðhÞ ¼
Xn
i¼1

ðs

0

fĤHiðtÞ � ECðh; tÞgdNiðtÞ:

Denote the resultant estimator by ĥhC . The corresponding estimator of K0ðtÞ is

K̂KCðtÞ �
Xn
i¼1

ðt
0

dNiðsÞPn
j¼1 YjðsÞR̂R

ð0Þ
j ðĥhC ; sÞ

:

Let
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ui ¼
ðs

0

ĤHiðtÞ � eðh0; tÞ
� 

d NiðtÞ � Rð0Þ
i ðh0; tÞYiðtÞdK0ðtÞ

n o

þ
ðs

0

expðhT0 ĤHiðtÞÞYiðtÞ dK0ðtÞ g�30 ðb0=2Þ
g1ðb0=2Þ

0q

� �
;

ri ¼ g�20 ðb0=2Þu expðbT0 ðWi1 �Wi2Þ=2Þ 2�1
Wi1 �Wi2

0q

� �
� g�10 ðb0=2Þ

g1ðb0=2Þ
0q

� �� �
;

where eðh; tÞ and u are defined in section 3. Also, let Cu ¼ Eðu�21 Þ, Cur ¼ Eðu1 � r1Þ,
Cru ¼ Eðr1 � u1Þ and Cr ¼ Eðr�21 Þ. We then have the following result for n�1=2UCðh0Þ:

Theorem 8

Under conditions 1, 200, 300, 4, 5, 6 and 8 given in the appendix, n�1=2UCðh0Þ !d Nð0pþq;CCÞ,
where CC ¼ Cu þ Cur þ Cru þ Cr.

The asymptotic properties of ĥhC are established in the following theorem:

Theorem 9

Under conditions 1, 200, 300, 4, 5, 6 and 8, ĥhC exists and is unique in a neighbourhood of h0 with
probability converging to one as n! 1, and ĥhC !p h0. Furthermore, n1=2fĥhC � h0g !d

Nð0;ChÞ, where Ch ¼ C�1CCC�1 and C is defined in section 3.

Remark 1. A consistent estimator of CC is ĈCC � n�1
Pn

i¼1ðûui þ r̂riÞ�2, where ûui and r̂ri are

obtained from ui and ri by replacing h0, eðh0; tÞ, Rð0Þ
i ðh0; tÞ, K0ðtÞ and gkðb0=2Þ ðk ¼ 0; 1Þ with

ĥhC , ECðĥhC ; tÞ, R̂Rð0Þ
i ðĥhC ; tÞ, K̂KCðtÞ and ĝgkðb̂bC=2Þ. In addition, a consistent estimator of C is

ĈC � n�1
Pn

i¼1
Ð s
0 fS

ð2Þ
C ðĥhC ; tÞ=Sð0Þ

C ðĥhC ; tÞ � E�2
C ðĥhC ; tÞg dNiðtÞ, where S

ð2Þ
C ðh; tÞ ¼ @S

ð1Þ
C ðh; tÞ=@h.

Thus, ĈCh � ĈC�1ĈCCĈC�1 consistently estimates Ch.

Remark 2. As in section 2, K̂KCð�Þ can be shown to be asymptotically normal and uniformly
consistent with a covariance function which can be consistently estimated.

7. Discussion

The approximately corrected score estimator by Nakamura (1992) was developed under the

restrictive assumptions of the classical error model and a normally distributed error with

known covariance matrix. Recently, Kong & Gu (1999) proved the consistency and

asymptotic normality of this estimator and provided a modification for non-normal error.

When the error e is normally distributed with a known covariance matrix, gkðbÞ (k ¼ 0; 1)

defined in section 3 can be written out in terms of b and the covariance matrix of e. Then
replacing ĝgkðbÞ by gkðbÞ ðk ¼ 0; 1Þ and disregarding the validation set and weight, the

estimators proposed in our section 3 would reduce to Nakamura’s estimator. In addition,

assuming a known moment generating function for e, replacing ĝgkðbÞ by gkðbÞ ðk ¼ 0; 1Þ and
disregarding the validation set and weight, our estimators would reduce to the modification

suggested by Kong & Gu (1999).

Nakamura (1992) and Kong & Gu (1999) assume that the covariance matrix or the

moment generating function of the error is known. We have removed these assumptions by

making use of a validation set or replicate measurements, which are two general schemes to

study measurement error problems (Carroll et al., 1995, p. 12). We have developed formal

inference procedures for these two practical settings. Kong & Gu (1999) only mentioned in
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passing that the error parameters might be estimated from a validation set or replicates,

and did not account for the extra variability due to such estimation in their variance

estimators.

Nakamura (1992) and Kong & Gu (1999) confined their attention to the classical additive

measurement error model requiring the surrogate be unbiased for the true covariate. The

methods developed in section 4 pertain to a more general error model which allows biased

surrogates. This generalization is essential in many real applications. Another new feature of

this work is the clear distinction between covariates that are measured with error and those

without error.

Under the classical error model, Buzas (1998) provided a method to correct the partial

likelihood score using the moment generating function of the error distribution, which is

assumed to be known. In correcting the partial likelihood score function, Buzas proposed to

replace Sð0Þðh; tÞ with n�1
Pn

i¼1 YiðtÞ expðbTẐZi þ cTXiÞ, where ẐZi is the predicted value of Zi

based on the regression of Wi on Xi, and if Xi does not exist, i.e. no covariate is measured

precisely, Buzas proposed to use just n�1
Pn

j¼1 YjðtÞ in place of Sð0Þðh; tÞ. The efficiency of this
estimator depends on the existence of Xi, and on the relation of Zi and Xi if Xi does exist. The

techniques developed in this paper can potentially be used to study the asymptotic properties

of the estimator suggested by Buzas.
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Appendix

Regularity conditions. For a vector a ¼ ða1; . . .; apÞT, let jaj ¼ ð
Pp

i¼1 a
2
i Þ
1=2. In the case of a

single covariate, the following conditions are needed.

1. K0ðtÞ is continuous and K0ðsÞ < 1.

2. EðjZ1j2Þ < 1, Eðj�1j2Þ < 1.

3. There exists a compact neighbourhood B of b0 such that:
(a) Efsupb2B jZ1j2 expðbZ1Þg < 1; (b) Efsupb2B j�1j2 expðb�1Þg < 1;

(c) Efsupb2B jZ1j2 expð2bZ1Þg < 1; (d) Efsupb2B j�1j2 expð2b�1Þg < 1.

4. PfY1ðsÞ ¼ 1g > 0.

5. C is positive definite.

For the case of multiple covariates in section 3, we need to restate conditions 2 and 3:

20. Efsupt2½0;s	 jH1ðtÞj2g < 1;Eðje1j2Þ < 1.

30. There exists a compact neighbourhood B of b0 and a compact neighbourhood C of c0
such that:

(a) Efsupt2½0;s	;h2B�C jH1ðtÞj2 expðhTH1ðtÞÞg < 1;

(b) Efsupb2B je1j2 expðbTe1Þg < 1;

(c) Efsupt2½0;s	;h2B�C jH1ðtÞj2 expð2hTH1ðtÞÞg < 1;

(d) Efsupb2B je1j2 expð2bTe1Þg < 1.

We also need a condition for time-dependent covariates:

6. For all sample paths of Xið�Þ, jXjið0Þj þ
Ð s
0 j dXjiðtÞj < 1, where Xjið�Þ is the jth component

of Xið�Þ.

Besides the above conditions, we need one more for the generalized error model:

7. There exists a compact neighbourhood B0 of 0 such that: E supt2½0;s	;b2B0
jZ1j2 exp

n
ðbTZ1Þg < 1.

For the situation of replicate covariate measurements studied in section 7, we replace e1 in

conditions 20 and 30 by e11, and also modify part (d) of condition 3
0 to be Efsupb2B je11j2

expðbTe11=2Þg < 1. We label them as conditions 200 and 300. An additional condition is

required:

8. The distribution of e11 is symmetric with respect to 0, i.e. e11 and �e11 are identically

distributed.
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Proof of theorem 1. We decompose UCðb0;xÞ into two terms:

UCðb0;xÞ ¼
Xn
i¼1

ðni þ x�nniÞ
ðs

0

niZi þ �nniWi � ECðb0; t;xÞ
� 

dNiðtÞ � R̂Rð0Þ
i ðb0ÞYiðtÞdK0ðtÞ

n o

þ
Xn
i¼1

ðni þ x�nniÞ
ðs

0

niZi þ �nniWi � ECðb0; t;xÞ
� 

R̂Rð0Þ
i ðb0ÞYiðtÞdK0ðtÞ: ð8Þ

We further split the first term into B1 þ B2 þ B3 þ B4, where

B1 ¼
Xn
i¼1

ðni þ x�nniÞ
ðs

0

niZi þ �nniWi � eðb0; tÞ
� 

dNiðtÞ � Rð0Þ
i ðb0ÞYiðtÞdK0ðtÞ

n o
;

B2 ¼
Xn
i¼1

ðni þ x�nniÞ
ðs

0

eðb0; tÞ � ECðb0; t;xÞf g dNiðtÞ � expðb0ZiÞYiðtÞdK0ðtÞf g;

B3 ¼ x
Xn
i¼1

�nni

ðs

0

eðb0; tÞ � ECðb0; t;xÞf g expðb0ZiÞ � g�10 ðb0Þ expðb0WiÞ
� 

YiðtÞdK0ðtÞ;

B4 ¼ x g�10 ðb0Þ � ĝg�10 ðb0Þ
� Xn

i¼1

�nni

ðs

0

Wi � ECðb0; t;xÞf g expðb0WiÞYiðtÞ dK0ðtÞ:

It follows from the arguments of Andersen & Gill (1982) that sup0�t�s;b2B
jECðb; t;xÞ � eðb; tÞj !p 0. By expanding Ft to include the selection of the validation set

and the surrogate covariates, we see that n�1=2B2 is a martingale integral with variance

converging to 0. Thus n�1=2B2 !p 0.

Let JnðtÞ ¼ n�1=2
Pn

i¼1
�nnifexpðb0ZiÞ � g�10 ðb0Þ expðb0WiÞg

Ð t
0 YiðsÞ dK0ðsÞ. Then n�1=2B3 ¼

x
Ð s
0 feðb0; tÞ �ECðb0; t;xÞgdJnðtÞ. In light of conditions 3(c) and 3(d) and the fact that JnðtÞ

is the difference of two non-decreasing processes, JnðtÞ converges weakly to a process JðtÞ with
continuous sample paths by ex. 2.11.16 of van der Vaart & Wellner (1996, p. 215). By the

strong embedding theorem (Shorack & Wellner, 1986, pp. 47–48), there exists a new

probability space in which supt2½0;s	 jS
ðkÞ
C ðb0; t;xÞ � ða þ x�aaÞsðkÞðb0; tÞj !a:s: 0 (k ¼ 0; 1) and

JnðtÞ !a:s JðtÞ. Since Sð0ÞC ðb0; t;xÞ is monotone in t and left-continuous, lem. 1 of Lin et al.

(2000) implies that
Ð t
0 S

ð0Þ
C ðb0; t;xÞ�1dJnðsÞ !a:s:

Ð t
0fða þ x�aaÞsð0Þðb0; tÞg�1dJðsÞ. Another use of

this lemma yields
Ð s
0 ECðb0; t;xÞdJnðsÞ !a:s:

Ð s
0 eðb0; tÞdJðsÞ. Likewise,

Ð s
0 eðb0; tÞdJnðsÞ !a:s:Ð s

0 eðb0; tÞdJðsÞ. Hence n�1=2B3 !a:s: 0. Returning to the original probability space, we have

n�1=2B3 !p 0.

Note that

n�1=2B4 ¼ xn1=2g�20 ðb0Þ ĝg0ðb0Þ � g0ðb0Þf g�aa

� E
ðs

0

W1 � eðb0; tÞf g expðb0W1ÞY1ðtÞdK0ðtÞ
� �

þ opð1Þ:

By (3) and (4), we have n�1=2B4 ¼ xð�aa=aÞu g�20 ðb0Þg1ðb0Þn�1=2
Pn

i¼1 ni expðb0�iÞf
�g0ðb0Þg þ opð1Þ.

By simple algebraic calculations, the second term of (8) is equal to xĝg�20 ðb0Þĝg1ðb0Þ
Pn

i¼1
�niniÐ s

0 expðb0WiÞYiðtÞdK0ðtÞ. We can split this into B5 þ B6, where

B5 ¼ xg�20 ðb0Þg1ðb0Þ
Xn
i¼1

�nni

ðs

0

expðb0WiÞYiðtÞdK0ðtÞ;

B6 ¼ x ĝg�20 ðb0Þĝg1ðb0Þ � g�20 ðb0Þg1ðb0Þ
� Xn

i¼1

�nni

ðs

0

expðb0WiÞYiðtÞ dK0ðtÞ:

It is easy to see that B1 þ B5 ¼
Pn

i¼1ðniui þ x�nniviÞ, where
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ui ¼
ðs

0

Zi � eðb0; tÞf gdMiðtÞ;

vi ¼
ðs

0

fWi � eðb0; tÞg dNiðtÞ � g�10 ðb0Þ expðb0WiÞYiðtÞ dK0ðtÞ
� 

þ g�20 ðb0Þg1ðb0Þ
ðs

0

expðb0WiÞYiðtÞ dK0ðtÞ;

and MiðtÞ ¼ NiðtÞ �
Ð t
0 YiðsÞ expðb0ZiÞ dK0ðsÞ. Because ui is a martingale integral for each i,

EðuiÞ ¼ 0. It follows from (3) and (4) that EðvijFsÞ ¼ ui, which implies that EðviÞ ¼ 0.

For B6, we note that n�1
Pn

i¼1
�nni
Ð s
0 expðbWiÞYiðtÞ dK0ðtÞ !a:s: �aaug0ðb0Þ: Hence

n�1=2B6 ¼ xð�aa=aÞug�20 ðb0Þn�1=2
Xn
i¼1

ni g0ðb0Þ expðb0�iÞ�i � g1ðb0Þf g½

� 2g1ðb0Þ expðb0�iÞ � g0ðb0Þf g	 þ opð1Þ:

It then follows that n�1=2ðB4 þ B6Þ ¼ xn�1=2
Pn

i¼1 niri þ opð1Þ, where

ri ¼ ð�aa=aÞug�20 ðb0Þ g0ðb0Þ expðb0�iÞ�i � g1ðb0Þ expðb0�iÞf g:

Summarizing the above results, we have

n�1=2UCðb0;xÞ ¼ n�1=2
Xn
i¼1

niui þ xniri þ x�nnivi
� �

þ opð1Þ; ð9Þ

which is essentially a normalized sum of zero-mean i.i.d. random variables. By assumption,

�i is independent of fYiðtÞ;NiðtÞ; Zig, which implies that ui and ri are independent. Clearly,
covðniui; �nniviÞ ¼ 0 and covðniri; �nniviÞ ¼ 0. It is easy to see that varðu1Þ ¼ C, varðv1Þ ¼ Cv and

varðr1Þ ¼ Cr, so that varðn1u1 þ xn1r1 þ x�nn1v1Þ ¼ CC . It then follows from the central limit

theorem that n�1=2UCðb0;xÞ !d Nð0;CCÞ.

Proof of theorem 2. Let Dðb;xÞ ¼ �n�1@UCðb;xÞ=@b. Then

Dðb;xÞ ¼ n�1
Xn
i¼1

ðni þ x�nniÞ
ðs

0

@ECðb; t;xÞ=@bdNiðtÞ;

where @ECðb; t;xÞ=@b ¼ Sð2ÞC ðb; t;xÞ=Sð0ÞC ðb; t;xÞ� Sð1ÞC ðb; t;xÞ2=Sð0ÞC ðb; t;xÞ2 and Sð2ÞC ðb; t;xÞ ¼
@Sð1ÞC ðb; t;xÞ=@b. It follows from condition 4 and th. III.1 of Andersen & Gill (1982) that

sup
t2½0;s	;b2B

@ECðb; t;xÞ=@b � vðb; tÞj j !p 0: ð10Þ

Hence

Dðb;xÞ !p ða þ x�aaÞ
ðs

0

vðb; tÞsð0Þðb; tÞdK0ðtÞ ¼ ða þ x�aaÞC: ð11Þ

By th. III.1 of Andersen & Gill (1982), condition 1 and (10), we see that the convergence in

(11) is uniform for b 2 B, i.e.

sup
b2B

Dðb;xÞ � ða þ x�aaÞCj j !p 0: ð12Þ

For any positive x, the limit is non-negative everywhere and positive at b0 by condition 5.
Theorem 1 implies that n�1UCðb0;xÞ !p 0 for any x. It then follows from the proof of

theorem 2 of Foutz (1977) that b̂bC exists and is unique in B with probability converging to one

as n! 1, and b̂bC !p b0.
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The Taylor series expansion yields n1=2ðb̂bC � b0Þ ¼ D�1ðb�;xÞn�1=2UCðb0;xÞ, where b� is on

the line segment between b̂bC and b0. By (12) and the consistency of b̂bC , we have

Dðb�;xÞ !p ða þ x�aaÞC. Then the theorem follows from the asymptotic normality of

n�1=2UCðb0;xÞ.

Estimation of variance Cb. Based on (12), ða þ x�aaÞC can be estimated consistently by

�n�1@UCðb̂bC ;xÞ=@b. We can estimate C by

ĈC ¼ ðâa þ x�̂aa�aaÞ�1n�1
Xn
i¼1

ðni þ x�nniÞ
ðs

0

Sð2ÞC ðb̂bC ; t;xÞ=Sð0ÞC ðb̂bC ; t;xÞ � ECðb̂bC ; t;xÞ2
n o

dNiðtÞ:

It is not difficult to see that u can be consistently estimated by ûu ¼ n�1
Pn

i¼1 di. Thus, we can
estimate Cr by ĈCr � ð�̂aa�aa=âaÞ2ûu2ĝg�40 ðb̂bCÞfĝg20ðb̂bCÞĝg2ð2b̂bCÞ � 2ĝg0ðb̂bCÞĝg1ðb̂bCÞĝg1ð2b̂bCÞþ ĝg21ðb̂bCÞ�
ĝg0ð2b̂bCÞg, which is also consistent. In addition, we can estimate Cv by ĈCv � ðn�̂aa�aaÞ�1

Pn
i¼1

�nniv̂v2i ,
where v̂vi ¼

Ð s
0 fWi � Ecðb̂bC ; t;xÞgfdNiðtÞ � ĝg�10 ðb̂bCÞ expðb̂bCWiÞ YiðtÞdK̂KCðtÞg þ ĝg�20 ðb̂bCÞĝg1ðb̂bCÞÐ s

0 expðb̂bCWiÞYiðtÞdK̂KCðtÞ (i ¼ 1; . . .; n). The consistency of ĈCv follows from the law of large

numbers, together with the consistency of b̂bC and the uniform consistency ofK̂KCð�Þ given in
theorem 3. Thus, Cb is consistently estimated by ĈCb � ĈCC=fðâa þ x�̂aa�aaÞĈCg2, where ĈCC ¼ âaĈCþ
x2ð�̂aa�aaĈCv þ âaĈCrÞ.

Proof of theorem 3. We can write n1=2fK̂KCðtÞ � K0ðtÞg ¼ D1ðtÞ þ D2ðtÞ þ D3ðtÞ þ opð1Þ,
where

D1ðtÞ ¼ n1=2
Xn
i¼1

ðt
0

1Pn
j¼1

YjðsÞR̂Rð0Þ
j ðb̂bCÞ

� 1Pn
j¼1

YjðsÞR̂Rð0Þ
j ðb0Þ

8>>><
>>>:

9>>>=
>>>;
dNiðsÞ;

D2ðtÞ ¼ n1=2
Xn
i¼1

ðt
0

1Pn
j¼1

YjðsÞR̂Rð0Þ
j ðb0Þ

� 1Pn
j¼1

YjðsÞRð0Þ
j ðb0Þ

8>>><
>>>:

9>>>=
>>>;
dNiðsÞ;

D3ðtÞ ¼ n1=2
Xn
i¼1

ðt
0

dNiðsÞPn
j¼1

YjðsÞRð0Þ
j ðb0Þ

� K�
0ðtÞ

8>>><
>>>:

9>>>=
>>>;
;

and K�
0ðtÞ ¼

Ð t
0 If

Pn
i¼1 YiðsÞ > 0gdK0ðsÞ. By Taylor expansions,

DðtÞ ¼ hðtÞn�1=2
Xn
i¼1

niui þ xð�nnivi þ niriÞ
� 

þ opð1Þ;

where hðtÞ ¼ �
Ð t
0 eðb0; sÞdK0ðsÞ=fða þ x�aaÞCg. Clearly,

D2ðtÞ ¼ ð�aa=aÞg�10 ðb0ÞK0ðtÞn�1=2
Xn
i¼1

nifexpðb0�iÞ � g0ðb0Þg þ opð1Þ;

and

D3ðtÞ ¼ n�1=2
Xn
i¼1

ni

ðt
0

dMiðsÞ
sð0Þðb0; sÞ

þ �nni

ðt
0

dNiðsÞ � YiðsÞg�10 ðb0Þ expðb0WiÞdK0ðsÞ
sð0Þðb0; sÞ

� �
þ opð1Þ:

Summarizing the above results for DkðtÞ (k ¼ 1; 2; 3), we get
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n1=2 fK̂KCðtÞ � K0ðtÞg ¼ n�1=2
Xn
i¼1

ni~uuiðtÞ þ �nni~vviðtÞ þ ni~rriðtÞ
� 

þ opð1Þ;

where

~uuiðtÞ ¼ hðtÞui þ
ðt
0

dMiðsÞ
sð0Þðb0; sÞ

;

~vviðtÞ ¼ xhðtÞvi þ
ðt
0

dNiðsÞ � YiðsÞg�10 ðb0Þ expðb0WiÞdK0ðsÞ
sð0Þðb0; sÞ

;

~rriðtÞ ¼ xhðtÞri þ ð�aa=aÞg�10 ðb0ÞK0ðtÞ expðb0�iÞ � g0ðb0Þf g:

It is easy to see that the means of ~uui, ~vvi and ~rri are all 0, and ~uui and ~rri are independent for every i.
Furthermore, covð~uui;~vviÞ ¼ 0 and covð~rri;~vviÞ ¼ 0. Let /uðt; sÞ ¼ Ef~uu1ðtÞ~uu1ðsÞg, /vðt; sÞ ¼
Ef~vv1ðtÞ~vv1ðsÞg and /rðt; sÞ ¼ Ef~rr1ðtÞ~rr1ðsÞg. Write

/ðt; sÞ ¼ a/uðt; sÞ þ �aa/vðt; sÞ þ a/rðt; sÞ: ð13Þ

It can be shown that ~uuiðtÞ, ~vviðtÞ and ~rriðtÞ are sums of monotone functions in t. It then follows
from ex. 2.11.16 of van der Vaart & Wellner (1996) that n1=2fK̂KCðtÞ � K0ðtÞg converges weakly
to a zero-mean Gaussian process with covariance function /ðt; sÞ.
Using the above decomposition for K̂KCðtÞ � K0ðtÞ, we can show the uniform consistency of

K̂KCð�Þ.

Proof of theorem 4. As in the proof of theorem 1, we can show that

n�1=2UCðh0;XÞ ¼ n�1=2
Xn
i¼1

niui þ niXri þ �nniXvi
� �

þ opð1Þ; ð14Þ

where

ui ¼
ðs

0

HiðtÞ � eðh0; tÞf gdMiðtÞ;

vi ¼
ðs

0

fĤHiðtÞ � eðh0; tÞg dNiðtÞ � g�10 ðb0Þ expðhT0 ĤHiðtÞÞYiðtÞdK0ðtÞ
� 

þ g�20 ðb0Þ
ðs

0

expðhT0 ĤHiðtÞÞYiðtÞdK0ðtÞ
g1ðb0Þ
0q

� �
; ð15Þ

ri ¼ ð�aa=aÞug�20 ðb0Þ expðbT0 �iÞ
g0ðb0Þei � g1ðb0Þ

0q

� �
:

Here MiðtÞ ¼ NiðtÞ �
Ð t
0 YiðsÞ expðh

T
0HiðsÞÞdK0ðsÞ.

Proof of theorem 6. Since the asymptotic normality of n�1=2UCðh0;X; a0; b0Þ has already
been proved in theorem 4, we expand n�1=2UCðh0;X; âa; b̂bÞ around ða0; b0Þ:

n�1=2UCðh0;X; âa; b̂bÞ ¼ n�1=2UCðh0;X; a0; b0Þ þ n�1@UCðh0;X; a�; b�Þ=@a n1=2ðâa� a0Þ
þ n�1@UCðh0;X; a�; b�Þ=@b n1=2ðb̂b� b0Þ;

where ða�T; b�TÞT is on the line segment between ðâaT; b̂bTÞT and ðaT0 ; bT0 Þ
T. Since âa !p a0 and

b̂b !p b0, we have a� !p a0 and b� !p b0. Through some tedious but straightforward

calculations,

n�1@UCðh0;X; a�; b�Þ=@a !p ��aauXJB�1
0 ;

n�1@UCðh0;X; a�; b�Þ=@b !p �aaXðCpB
�1
0 B1 � uJB�1

0 lZÞ:
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Condition 7 is needed to guarantee the consistency of ĝgkðb; âa; b̂bÞ for gkðbÞ (k ¼ 0; 1; 2). Let

lZl ¼ EðZ1lÞ and r2Zl ¼ varðZ1lÞðl ¼ 1; . . .; pÞ. By the properties of the least-squares estimators,

n1=2ðâal � a0lÞ ¼
1

ar2Zl
n�1=2

Xn
i¼1

ni ðr2Zl þ l2ZlÞ�il � lZlZil�il
� 

þ opð1Þ; ð16Þ

n1=2ðb̂bl � b0lÞ ¼
1

ar2Zl
n�1=2

Xn
i¼1

nið�lZl�il þ Zil�ilÞ þ opð1Þ: ð17Þ

It follows from theorem 4 that

n�1=2UCðh;X; âa; b̂bÞ ¼ n�1=2
Xn
i¼1

niui þ niXri þ niXqi þ �nniXv�i
� �

þ opð1Þ; ð18Þ

where qi ¼ ð�aa=aÞ �uJB�1
0 ei þ CpB

�1
0 B1C�1

Zd fdiagðZiÞ � lZgei
� �

, and ui, v
�
i and ri are defined

as in (15), but with ĤHiðtÞ replaced by ĤH
�
i ðtÞ in v�i . We see that Crq ¼ covðr1; q1Þ,

Cqr ¼ covðq1; r1Þ and Cq ¼ varðq1Þ, while q1 and u1 are uncorrelated. The theorem readily

follows.

Estimation of C�
h. For k ¼ 0; 1; 2, let ĝgkðbÞ ¼ ĝgkðb; âa; b̂bÞ, and for k ¼ 0; 1, let

R̂R
ðkÞ
i ðh; tÞ ¼ R̂R

ðkÞ
i ðh; t; âa; b̂bÞ and S

ðkÞ
C ðh; t;XÞ ¼ S

ðkÞ
C ðh; t;X; âa; b̂bÞ. Also, let ECðh; t;XÞ ¼

ECðh; t;X; âa; b̂bÞ and ĤHiðtÞ ¼ ĤHðt; âa; b̂bÞ. We then define R̂Rð2Þ
i ðh; tÞ ¼ @R̂R

ð1Þ
i ðh; tÞ=@h. It is easy to

see that

R̂R
ð2Þ
i ðh; tÞ ¼ ni expðhTHiðtÞÞH�2

i ðtÞ þ �nniĝg
�1
0 ðbÞ expðhTĤHiðtÞÞ

"
ĤH

�2
i ðtÞ � ĝg�10 ðbÞJĝg1ðbÞĤHiðtÞT

� ĝg�10 ðbÞĤHiðtÞĝg1ðbÞ
T
JT þ 2ĝg�20 ðbÞJĝg�2

1 ðbÞJT � ĝg�10 ðbÞJĝg2ðbÞJT
#
:

Let S
ð2Þ
C ðh; t;XÞ ¼ n�1

Pn
j¼1 YjðtÞAjR̂R

ð2Þ
j ðh; tÞ. We can estimate C consistently by ĈC ¼ ðâaIpþqþ

�̂aa�aaXÞ�1n�1@UCðĥhC ;X; âa; b̂bÞ=@h, where

@UCðh;X; âa; b̂bÞ
@h

¼
Xn
i¼1

Ai

ðs

0

S
ð0Þ
C ðh; t;XÞ

n o�1
S
ð2Þ
C ðh; t;XÞ � ECðh; t;X; âa; b̂bÞ � S

ð1Þ
C ðh; t;XÞ

n o� �
dNiðtÞ:

Also, we can estimate C�
v consistently by ĈC�

v ¼ n�1
Pn

i¼1 v̂v
��2
i , where

v̂v�i ¼
ðs

0

fĤHiðtÞ � ECðĥhC ; t;XÞg½dNiðtÞ � ĝg�10 ðb̂bCÞ expðĥhTCĤHiðtÞÞYiðtÞdK̂KCðtÞ	

þ ĝg�20 ðb̂bCÞ
ðs

0

expðĥhTCĤHiðtÞÞYiðtÞdK̂KCðtÞJĝg1ðb̂bCÞ:

A consistent estimator for Cr is ĈCr � ð�̂aa�aa=âaÞ2ûu2ĝg�40 ðb̂bCÞJfĝg0ð2bCÞĝg�2
1 ðb̂bCÞ �ĝg0ðb̂bCÞĝg1ðb̂bCÞ�

ĝg1ð2b̂bCÞ � ĝg0ðb̂bCÞĝg1ð2b̂bCÞ � ĝg1ðb̂bCÞ þ ĝg20ðb̂bCÞĝg2ð2b̂bCÞgJT. Let ĈC� ¼
Pn

i¼1 nifB̂B
�1
0 ðWi � âaÞ

�Zig�2=ð
Pn

i¼1 ni � 2Þ where B̂B0 ¼ diagðb̂bÞ. Let r̂r2Zl be the sample variance of all the Zils of
subjects in the validation set, r̂r2Z ¼ ðr̂r2Z1; . . .; r̂r2ZpÞ

T, and ĈCZd ¼ diagðr̂r2ZÞ. We also define ĈCZ� to

be the p � p matrix with estimated covðZ1i; Z1jÞcovð�1i; �1jÞ as the ði; jÞth element, and let ĈCp be

the first p columns of ĈC. By plugging all these estimators into the expressions defining Cq, Crq

and Cqr, we get consistent estimators ĈCq, ĈCrq and ĈCqr, respectively. Then we estimate C�
h

by ĈC�
h � ĈC�1ðâaIpþq þ �̂aa�aaXÞ�1ĈC�

CðâaIpþq þ �̂aa�aaX T Þ�1ĈC�1, where ĈC�
C ¼ âaĈC þ Xð�̂aa�aaĈC�

v þ âaĈCr þ âaĈCrqþ
âaĈCqr þ âaĈCqÞXT.
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Proof of theorem 7. Let

K̂KCðt; a0; b0Þ ¼
Xn
i¼1

ðt
0

dNiðsÞPn
j¼1

YjðsÞR̂Rð0Þ
j ðĥhC ; s; a0; b0Þ

:

The Taylor expansion of K̂KCðtÞ around ða0; b0Þ yields

n1=2K̂KCðtÞ ¼ n1=2K̂KCðt; a0; b0Þ þ ðDa
nÞ
Tn1=2ðâa� a0Þ þ ðDb

nÞ
Tn1=2ðb̂b� b0Þ; ð19Þ

where

Da
n ¼ �n�1

Xn
i¼1

ðt
0

n�1
Pn
j¼1

YjðsÞ@R̂Rð0Þ
j ðĥhC ; s; a�; b�Þ=@a d NiðsÞ

n�1
Pn
j¼1

YjðsÞR̂Rð0Þ
j ðĥhC ; s; a�; b�Þ

( )2
;

Db
n ¼ �n�1

Xn
i¼1

ðt
0

n�1
Pn
j¼1

YjðsÞ@R̂Rð0Þ
j ðĥhC ; s; a�; b�Þ=@b dNiðsÞ

�
n�1

Pn
j¼1

YjðsÞR̂Rð0Þ
j ðĥhC ; s; a�; b�Þ

�2
:

By applying to K̂KCðt; a0; b0Þ a decomposition similar to that used in the proof of theorem 3,

calculating the limits of Da
n and Db

n, and plugging them, along with (16) and (17), into (19), we

can approximate n1=2fK̂KCðtÞ � K0ðtÞg by a sum of n i.i.d. zero-mean terms. Then the theorem
can be established in a similar fashion as theorem 3.

Proof of theorem 8. This proof is parallel to that of theorem 1. First we write

UCðh0Þ ¼
Xn
i¼1

ðs

0

fĤHiðtÞ � ECðh0; tÞgfdNiðtÞ � R̂Rð0Þ
i ðh0; tÞYiðtÞdK0ðtÞg

þ
Xn
i¼1

ðs

0

fĤHiðtÞ � ECðh0; tÞgR̂Rð0Þ
i ðh0; tÞYiðtÞdK0ðtÞ: ð20Þ

Then we split the first term into B1 þ B2 þ B3 þ B4, where

B1 ¼
Xn
i¼1

ðs

0

fĤHiðtÞ � eðh0; tÞgfdNiðtÞ � Rð0Þ
i ðh0; tÞYiðtÞdK0ðtÞg;

B2 ¼
Xn
i¼1

ðs

0

feðh0; tÞ � ECðh0; tÞgfdNiðtÞ � expðhT0HiðtÞÞYiðtÞdK0ðtÞg;

B3 ¼
Xn
i¼1

ðs

0

feðh0; tÞ � ECðh0; tÞgfexpðhT0HiðtÞÞ � g�20 ðb0=2Þ expðhT0 ĤHiðtÞÞgYiðtÞdK0ðtÞ;

B4 ¼
Xn
i¼1

ðs

0

fĤHiðtÞ � ECðh0; tÞgfRð0Þ
i ðh0; tÞ � R̂Rð0Þ

i ðh0; tÞgYiðtÞdK0ðtÞ:

As in the proof of theorem 1, we can show that n�1=2B2 !p 0 and n�1=2B3 !p 0 via martingale

theory and empirical process theory. We can also show that

B4 ¼ u
Xn
i¼1

expðbT0 ðWi1 �Wi2Þ=2Þ � g20ðb0=2Þ
�  g�30 ðb0=2Þg1ðb0=2Þ

0q

� �
þ opð1Þ:

The second term on the right hand side of (20) is equal to
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Xn
i¼1

ðs

0

expðhT0 ĤHiðtÞÞYiðtÞdK0ðtÞ
ĝg�30 ðb0=2Þĝg1ðb0=2Þ

0q

� �
;

which can be split further into B5 þ B6, where

B5 ¼
Xn
i¼1

ðs

0

expðhT0 ĤHiðtÞÞYiðtÞdK0ðtÞ
g�30 ðb0=2Þg1ðb0=2Þ

0q

" #
;

B6 ¼
Xn
i¼1

ðs

0

expðhT0 ĤHiðtÞÞYiðtÞdK0ðtÞ
ĝg�30 ðb0=2Þĝg1ðb0=2Þ � g�30 ðb0=2Þg1ðb0=2Þ

0q

" #
:

Note that B1 þ B5 ¼
Pn

i¼1 ui, and we can show that EðuiÞ ¼ 0 (i ¼ 1; . . .; n). We also have

B6 ¼ u
Xn
i¼1

"
2�1g�20 ðb0=2Þ

(
expðbT0 ðWi1 �Wi2Þ=2Þ

"
Wi1 �Wi2

0q

#
� 2g0ðb0=2Þ

"
g1ðb0=2Þ

0q

#)

� 2g�30 ðb0=2Þ
(
expðbT0 ðWi1 �Wi2Þ=2Þ � g20ðb0=2Þ

)"
g1ðb0Þ
0q

##
þ opð1Þ:

We see that B4 þ B6 ¼
Pn

i¼1 ri þ opð1Þ. It is not hard to see that EðriÞ ¼ 0 (i ¼ 1; . . .; n). The
asymptotic normality of n�1=2UCðh0Þ follows easily.

Proof of theorem 9. Let S
ð2Þ
C ðh; tÞ ¼ @S

ð1Þ
C ðh; tÞ=@h. As in the proof of theorem 2, we can show

that supt2½0;s	;h2B�C jSð2Þ
C ðh; tÞ � sð2Þðh; tÞj !p 0, supt2½0;s	;h2B�C j@ECðh; tÞ=@h� vðh; tÞj !p 0, and

supt2½0;s	;h2B�C j � n�1@UCðhÞ=@h � Cj !p 0, where sð2Þðh; tÞ, vðh; tÞ and C are defined in

section 3. Then the existence, uniqueness and consistency of ĥhC can be proved in the same

manner as in theorem 2. Asymptotic normality of n1=2ðĥhC � h0Þ then follows from the Taylor

expansion.
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